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𝑆ℎ𝑖𝑓𝑡 𝑚𝑎𝑡𝑖𝑟𝑥: 𝐶([0,1 0, 0,⋯ , 0, 0])

"Discrete Fourier basis"

𝐸𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠

𝚽

𝚽 = [𝑒(0) 𝑒(1) 𝑒(2) ⋯𝑒 𝑛−1 ]

𝑒(𝑘) =

𝑤𝑛
0∙𝑘

𝑤𝑛
1∙𝑘

𝑤𝑛
2∙𝑘

⋮

𝑤𝑛
(𝑛−1)∙𝑘

, 𝑤𝑛 = 𝑒(
2𝜋𝑖

𝑛
)

𝑬𝒊𝒈𝒆𝒏𝒗𝒆𝒄𝒕𝒐𝒓𝒔

How to define Fourier transforms for graphs?
𝐴𝑋 = 𝜆𝑋

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)
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• 𝑆𝑇는 translation을표현하는가장단순한(혹은가장작은단위의) circulant matrix

• 모든 circulant matrices는교환법칙을만족하므로각각의 eigenvectors는 discrete fourier basis와동일

• C w =C([b, c, 0, 0,⋯ , 0, a]): a, b, c를 weight로하는 circulant matrix(weight가있는임의의회전행렬)

• 𝚽, 𝚽∗는 𝑆𝑇(𝑠ℎ𝑖𝑓𝑡 𝑚𝑎𝑡𝑟𝑖𝑥)에서가져옴

• 실제로학습상황에서는 C w 를모름. 즉, 학습해야할 weight

• 이때, (고유값분해하지않고) 𝑆𝑇에서𝚽, 𝚽∗ 사용가능하므로 C w 를전체학습하는것이아니라 𝚲만학습하면됨

=

How to define Fourier transforms for graphs?

https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028
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How to define Fourier transforms for graphs?

https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028

𝒇(𝑿) =

𝒃 𝒄 𝒂

𝒂 𝒃 𝒄

𝒄 𝒂 𝒃

𝒃 𝒄𝒂

(Signal)𝐶 𝑤

= 𝚽

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗ = 𝚽( መ𝜃 ∘  )

𝚲(learning parameters)

𝑤 ∗ ℎ ℱ−1 ℱ 𝑤 ℱ ℎ⨀

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

ℱ ℎ = 𝚽∗𝒉

모르는값 아는값 아는값 모르는값 아는값

모르는값을학습시키자!



What we have covered so far

𝒇(𝑿) =

𝒃 𝒄 𝒂

𝒂 𝒃 𝒄

𝒄 𝒂 𝒃

𝒃 𝒄𝒂

𝐶 𝑤

= 𝚽

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗ = 𝚽( መ𝜃 ∘  )

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

𝚲

ℱ ℎ = 𝚽∗𝒉

https://petar-v.com/talks/GNN-Wednesday.pdf
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𝚽∗ =𝚽𝐓

C θ =C([b, c, 0, 0,⋯ , 0, a]): a, b, c를 weight로하는 circulant matrix

𝑤 ∗ ℎ ℱ−1 ℱ 𝑤 ℱ ℎ⨀



What about graphs?

𝑬𝒊𝒈𝒆𝒏 − 𝒅𝒆𝒄𝒐𝒎𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒈𝒓𝒂𝒑𝒉 𝑳𝒂𝒑𝒍𝒂𝒄𝒊𝒂𝒏

⟹ 𝑒𝑖𝑔𝑒𝑛𝑑𝑒𝑐𝑜𝑚𝑝𝑜𝑠𝑎𝑏𝑙𝑒! 𝐋 = 𝚽𝚲𝚽∗

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗

Lap eigenvalues/Spectrum:

= 𝚽𝐋

𝚲(𝒏 × 𝒏)

Lap eigenvectors/
Fourier functions(orthonormal basis)

, 𝚽𝚽∗ = 𝐈

(𝒏 × 𝒏)

Unnomalized Laplacian

, 𝚽 = [∅0, ∅1, ⋯ , ∅𝑛−1]

= 𝐈 − 𝐃−
𝟏
𝟐𝐀𝐃−

𝟏
𝟐

𝐋 = 𝐃 − 𝐀

𝐃−𝟏/𝟐𝐋𝐃−𝟏/𝟐 = 𝐃−
𝟏

𝟐(𝐃 − 𝐀)𝐃−
𝟏

𝟐

= 𝐃−
𝟏

𝟐(𝐃
𝟏

𝟐 − 𝐀𝐃−
𝟏

𝟐)

= 𝐃−
𝟏

𝟐(𝐃
𝟏

𝟐 − 𝐀𝐃−
𝟏

𝟐)

Nomalized Laplacian

6
Gavili, A., & Zhang, X. P. (2017). On the shift operator, graph frequency, and optimal filtering in graph signal processing



What about graphs?

𝑬𝒊𝒈𝒆𝒏 − 𝒅𝒆𝒄𝒐𝒎𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒈𝒓𝒂𝒑𝒉 𝑳𝒂𝒑𝒍𝒂𝒄𝒊𝒂𝒏

መ𝜃𝟎

መ𝜃𝟏

መ𝜃𝒏−𝟏

𝚽∗

Lap eigenvalues/Spectrum:

= 𝚽𝐋

𝚲(𝒏 × 𝒏)

(𝒏 × 𝒏)
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(𝒏 × 𝒏)

= 𝚽 𝚽∗𝚲𝑤 ∗ ℎ

Filter(모르는값)

아는값

아는값 모르는값 아는값

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ ℎ)

Filter(모르는값) 아는값 모르는값 아는값

= 𝚽 𝚽∗𝚲∗ ℎ

Q. laplacian matirx를고유값분해하면이미고유값, 고유벡터를다구할수있는데
고유값을학습파라미터로사용한다는게이해가잘안가서요 ..

𝐋

실제 filter(w)를통해학습할때

아는값

Lap eigenvectors

Filter 대신학습할값
(Lap eigenvalues X)

Page 3 내용과유사하게적용됨

Lap eigenvalues

A: 
w를직접학습시키는것이아니라고유값분해해서 eigenvalues 에
해당하는부분을학습시킴
이때, 𝚽, 𝚽∗는 graph laplacian이 shift matrix 역할을하므로
laplacian의 eigenvectors 로사용할수있음. 그러나, 𝚲는모름.
따라서, filter 를대신학습할 parameters 해당됨

Node signal



Graph Convolution

𝑤 ∗ ℎ = ℱ−1(ℱ 𝑤 ⨀ ℱ(ℎ))
𝚽

(𝒏 × 𝒏)

𝚽∗𝒉𝚽∗𝒘 = ෝ𝒘

= 𝚽(ෝ𝒘⨀𝚽∗𝒉)

= 𝚽 ෝ𝒘(𝚲) 𝚽∗𝒉

(𝒏 × 𝟏) (𝒏 × 𝟏)

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)

⨀ ∶ 𝑃𝑜𝑖𝑛𝑡𝑤𝑖𝑠𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡

ෝ𝑤 =
ෝ𝑤(𝜆0)
⋮

ෝ𝑤(𝜆𝑛−1)(𝒏 × 𝟏)

𝑤(𝜦) = 𝑑𝑖𝑎𝑔 ෝ𝑤 =
ෝ𝑤(𝜆0) ⋯
⋮ ⋱
0 ⋯

0
⋮

ෝ𝑤(𝜆𝑛−1)(𝒏 × 𝒏)

ℱ X = 𝚽∗X: fourier transform

𝑠𝑖𝑔𝑛𝑎𝑙 ℎ 𝑜𝑛 𝑔𝑟𝑎𝑝ℎ

(𝒏 × 𝒏)

𝑓𝑖𝑙𝑡𝑒𝑟/𝑘𝑒𝑟𝑛𝑒𝑙

𝐺𝑟𝑎𝑝ℎ 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚

𝑙𝑒𝑎𝑟𝑛𝑖𝑛𝑔 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠𝑠/𝑓𝑖𝑙𝑡𝑒𝑟

(𝒏 × 𝒏) (𝒏 × 𝒏) (𝒏 × 𝟏)(𝒏 × 𝟏)
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