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w*xh =F LH(FWw) ® F(h))

How to define Fourier transforms for graphs?
AX = AX

= Rethinking the convolution on sequences T
«  Circulant matrices commute! (w2fHzl AE) W
«  Commuting matrices are jointly diagonalizable (CHZ{2t 7+s5) Figenvectors Figervalues
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v QEZ0=Z 1020|S(translation)

v' Ciraulant matrix & orthogonal matrix (S - ST = 1)

"Discrete Fourier basis”
Shift="Translation

https://towardsdatascience.com/deriving-convolution-from-first-principles-4ff124888028 Fourier functions form anorthonormal basis
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« ST=translations BE36H= 7+ F#2]) circulant matrix
« B= circulant matricese= Wt H2l= PHEotE 2 ZH2E0| eigenvectors= discrete fourier basiset =&
) (=5

= circulant matrix (weight7t = 2|9 3| M)

OIl

« C(w) =C([b,c,0,0,---,0,a]): a,b,c & weight2
o ®, d*= ST (shift matrix)0f|A 7142

« AA2 ohE A= C(w) & 28, =, S55l0F weight
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x+h =F 1 (Fw) © F(h))
What we have covered so far /

= Discrete Fourier Transform(DFT) & Convolution theorem
1. Convolution &= drculant matrix=2 #3917 ts F (h) = ®h
2. Ciraulant matrixe= w2t H2] M2
3. E=draulant matrices= Wk H21E TSR | IE0] SZ ot eigenvectorsS 7 HUCH
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2= draulant matrices?| eigenvectors= discrete fourier basiset- sZoHHC(w) = PAPY) @ =T

C(w) X A
[ b c a | [ Xo ] i 90 N
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w % h F-1 F(w) ® F(h) 5

https://petar-v.com/talks/GNN-Wednesday.pdf C(6) =C([b,c,0,0,+,0,a]): a,b, c & weightZ 5}t= circulant matrix



What about graphs? wxh =F(FW) O F(h)

= Graph Laplacian matrix
«  Undirected graphs, Lis:
> Symmetric(Ll = L)

= eigendecomposable!L = ®PAP* , P =1 ,P =[0, D4,*, Dp_1]
> Positive semi-definite(xTLx > 0 for allx € RV

Eigen — decomposition of graph Laplacian

Lap eigenvalues/Spectrum:

B A X 1) B Unnomalized Laplacian L =D — A
Bo
a, Nomalized Laplacian D-1/21,p-1/2 = D‘%(D — A)D_%
11 _1
=D 2(Dz2 — AD 2
L =& . UM ( )
(nxXn) . 1 1 _1
=D z(Dz — AD 2)
1 1
) | =1— D 2AD 2
0,4 Lap eigenvectors/
S — Fourier functions (orthonormal basis)
6

Adjacency(Lapladain) matrix” tgraph shift matrix & eigenvector?tgraph fourier basis10]g SH: Gavili, A.. & Zhang. X. P. (2017). On the shift operator, graph frequency, and optimal filtering in graph signal processing




What about graphs?

Eigen — decomposition of graph Laplacian

General graph Lap eigenvalues/Spectrum:

Filter(22= 4}

Q. laplacian matirxE 18Z25l51H 00| 1Q7H NQHIES O 218 £ Q=g
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Graph Convolution

= Spectral convolution

signal h on graph Graph Fourier transform

w * h =T_1(T(W)A@ Tq()ﬁl))

filter /kernel d*'w=w

(nxn) nxn)(nx1) (nxn) (nx1)

learning parameterss/filter

= ® (i O D*h)

(nmxn)(nx1) @mx1)

= ® Ww(A) @*h

(nxn)(nxn) (mx1)

F(X) = ®*X:fourier transform

® : Pointwise product

A [ (%o) ]
w = :

mx1) LW(An-1)

N w(ly) - 0
w(A) = diag(w) = [ : :
(nxmn) 0 W(/ln—l)



