REGULAR DECOMPOSITIONS FOR H(div) SPACES'
TZANIO V. KOLEV AND PANAYOT S. VASSILEVSKI

ABSTRACT. We study regular decompositions for H(div) spaces. In particular, we
show that such regular decompositions are closely related to a previously studied
“inf-sup” condition for parameter-dependent Stokes problems, for which we provide
an alternative, more direct, proof.

1. THE MAIN RESULT

Let Q C R? d € {2,3} be a polygonal /polyhedral Lipschitz domain, on which we
define the standard Sobolev spaces Ly(€2), HL(2), L*(Q) = (Ly(Q))4, and H}(Q) =
(HE(Q))4 with norms || - ||o and || - |1, as well as the Hilbert space Hy(§2, div) consist-
ing of L?(Q) vector-functions v that have divergence, divv, in Ly(Q2) and vanishing
normal trace v - n = 0 on the boundary 9. For z € H}(Q2), u € Hy(Q, div) and a
fixed 7 > 0, we also introduce the parameter-dependent symmetric quadratic forms

(1.1) Li(z, 2) = |zllg + 7 [l gradz|§  and  £5(w, w) = [Jul§ + 7 || divu].

We denote the corresponding norms with || - ||z, and || - || zaiv.

The goal of this paper is to prove the following regular decomposition result which
is the key ingredient in the construction of the auxiliary space HX-preconditioners
for H(div) problems in [HX07]. Similar regular decompositions were needed in the
construction of auxiliary space HX-preconditioners for H(curl) problems (cf., [HX07]
and [KV09]).

Theorem 1.1. Given u € Hy(Q, div) and a fivzed T > 0, there is a z € HL(Q) such
that divz = divu and

1
(1.2) lzlle, < — llullzg
0

The above z depends on T, whereas the constant cy > 0 s independent of 7.

Our construction of z is based on a certain “inf-sup” stability result associated
with the following £,-based parameter—dependent Stokes problem:
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Given u € Ho(Q2, div), find z € Hj(Q) and p € L§(Q) = {q € L*(Q) : [ ¢ dx = 0}
Q
such that

(z, 0) + 7 (Vz, VO) + (p, dive) =0, VO € Hy(9),

(1.3) (divz, g) = (divu, q), Vg€ L§(9).

More specifically, if we define the (scalar) Laplace operator Ay with homogeneous
Neumann boundary conditions (see Section 2 and 3 for details), then the following
characterization holds.

Theorem 1.2. The validity of the “inf-sup” estimate

_ 3 D, div@
(1.4) c((r1=23)7"'5.5)" < sw (P, div8)
ocui) 0llc,

with a constant co > 0 uniform with respect to the parameter T, is equivalent with the
statement of Theorem 1.1, i.e. that for any given 7 > 0 and u € Hy(Q2, div), there
is a z =z, € H}(Q) such that divz = divu and (1.2) holds.

The inf-sup condition (1.4) has been investigated in several papers previously, most
notably for convex domains €2, see [OPR06], [MWO04]-[MWO06], and [MW11]. The
case of general Lipschitz domains has been dealt with recently in [MSW11] based
on explicit representation of right inverse of the divergence operator provided by the
so—called Bogovskii integral operator. The purpose of the present note is to give a
somewhat more direct proof of the same “inf-sup” estimate relating it, as in Theorem
1.2, to the regular decomposition of Hy(€2, div) defined in Theorem 1.1.

The remainder of the present paper is organized as follows. In Section 2, we provide
a main stability estimate for H(div) functions with piecewise constant divergence.
Section 3 contains the proof of Theorem 1.2. A proof of our main result, Theorem
1.1, for domain that is union of two domains for which the result is valid, is given
in Section 4 under assumption (A) which is verified in the following Section 5. The
paper concludes with Section 6 where we consider the somewhat simpler case of
“large” parameter 7, i.e., 7 being much bigger than the diameter of the domain 2.

2. PRELIMINARIES

The Laplace operator with homogeneous Neumann boundary conditions, Ay, is
invertible for any right-hand side f € L3(f2) and satisfies ¢ = (—Ay)"'f € H{(Q) N

L3(€2). Moreover, there is a 6 € (0, 3] such that we have the regularity estimate

lllss < C Iy

This result is proved in [Do88], Corollary 23.5, and stated as Lemma A.53 in [TWO05].

Let 7y be a quasiuniform triangulation of {2 with triangles or tetrahedrons of mesh
size H. We associate with 7y the well-known lowest—order Raviart—Thomas space
Ry (with vanishing normal traces on 0f2), i.e., Ry C Hy(2, div). Let IIy be the
natural Raviart—Thomas interpolation operator, which is well-defined for sufficiently
smooth functions. In particular, Ilgg is well-defined for g = V¢ € H%H(Q), the
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fractional Sobolev space obtained by interpolation between L*(Q2) and H'(2), and
the following approximation result holds (cf. Theorem 5.25 in [Mo03])

1
(2.1) s — Mgllo < CHE gl

Let Vi be the space of piecewise constant functions associated with 7. Let Qp :
L*(Q) — Vg be the L?>projection. Finally, introduce also the subspace Vi of Vi
of functions that have zero mean value over ), i.e., Vi C L2(€2). We note that
Qu = L3(Q2) — Vy, that is, if f has zero meanvalue then Qg f does too.

The following commutativity property holds

divllgg = Qp diveg.

Given a sufficiently smooth function g, the above equality tells us that there is
Yy € Ry, ¥y = Ilyg, which satisfies divp; = Qg div g and therefore || div ) ||o =
| div g|lo. The main result of this section is the following stability estimate, which
addresses the case when g is a general H(div) function.

Lemma 2.1. Given g € Hy(Q, div), there is a ¢y € Ry such that divipy =
Ry divg and

(2:2) Il < € (llglls + H* || divgllg) -

Proof. We use the construction from [Va08], p. 500 leading to estimate (F.27) there.
For completeness, we provide the corresponding details.
Let p be the solution of the Neumann problem,

Using regularity, we have that Vp € H%+6(Q), that is the normal trace Vp-n belongs
to H°(F) for any straight line/planar surface F' contained in . This shows that
Yy =y (—Vp) € Ry is well-defined. It satisfies

divpy = —div(IIgVp) = —Qu divVp = —QuAnp = Qu divg.

Next, we use the Lo—approximation property (2.1) which combined with the assumed
regularity estimate and an inverse inequality, shows

195 + Vpllo = [I(Z = ILr)Vplo
< CHY |Vl 14s
< CHY gl
1 :
(2.3) < CH=2%° 1Qu leg”—%—&-(S
= CH>" ||Qu div g”71+(%+6)
< C'||Qn divgl|-1
<C (|divgl-1 + (1 = Qu) divg||1)
< C(lgllo+ H || divgllo) -

We used the approximation property of the discontinuous (piecewise constant) pro-
jection Qg in H~1(Q), which is the dual space of Hj(f2). Specifically, for f = divg €
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L3(92), we use the estimate

||([_QH)f||—1 = Ssup %
SEHH () '

= sup
PEH}(Q)

< CH [ fllo-

We also have | Vpl||2 = (Qu divg, p) = —(divg, [—Qg)p)+(p, divg) = —(divg, (I—
Qr)p) — (Vp, g), which shows

IVpllo < € (H| divgllo+ llgllo) -
This estimate combined with (2.3) used in the triangle inequality

[ ullo < [1%n + Vpllo + [Vollo < C (lgllo + H [[divelo),
implies the desired bound (2.2). O

il

3. PROOF OF THEOREM 1.2

In this section we prove the equivalence of (1.2) and (1.4) as stated in Theorem
1.2. First, we show the following auxiliary result that characterizes the left-hand side
of the inf-sup condition (1.4).

Lemma 3.1. For any p € L(Q), the following equality holds:

1 — .
-1 _\2 P, divu
(3.1) ((T[— ANl) D, p) = sup ( )
ueHo(@ div) ([[ul[§ + 7 || divu|3)

D=

Proof. Given p € L2(€) let W be the unique solution of the equation
(W, v) + r(diva, divv) = (p, divv)V¥v € Hy(9, div).
Recalling the definition of £V in (1.1) we notice that

p, divu LWV (@, u _ ——
(32) s 2V B — VG diva),

weHo(@, div) (|[u)l2 + 7 [|divul2)2  w [l

To complete the proof it remains to show that

(3.3) diva= (11 — A1) B

Let ¢ € L3(Q) be arbitrary, and ¢ € H'(Q2) N L2(Q) be the solution of —Axv = G.
Then

(3.4) 1AL Gllo = 1¥llo < VCr|IVYlo < Cp |[7]lo-

where Cp is the constant from the Poincaré inequality [|¢||2 < Cp||V#||2. This means
that (—Ay)" '+ 71 : LE(Q) — LE(Q) is bounded and coercive, and hence invertible
operator, i.e. (71 — A;,l)_l p is well-defined.

Set v = —Vy = VAL'G. By definition v € Ho(Q, div) with divv = g. Testing
the £ form with this function we get

(@, VAL'Q) + 7 (divy, 9) = (p, 7),
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which after integration-by-parts and the use of symmetry of —Ay', results in
(—Ay diva, 9) + 7 (diva, g) = (p, 7),Vq € L(Q).
That is, & = diva € L2(Q) solves the equation ((—Ay)~'+71) 6 = p which

concludes the proof. O

Proof of Theorem 1.2. Assume first that (1.4) holds. Given u € Hy(2, div),
consider the parameter-dependent problem (1.3). Using the first equation of (1.3) in
the inf-sup estimate (1.4), implies

(3.5) (=25, 5)" < — (I2li3 + 7 | V2)3)*

Using again the first equation of (1.3) for @ = z, the fact that divz = divu and the
inequality

1
Co

D=
(SIS

—(p, divu) < ((T] - A 7D, ﬁ)

combined with (3.5), gives

((TI — A]_VI) divu, div u) ,

N[

(Loz, 7) < Cl (2l + 7 IValR)? (] — ARY) divu, divu)?.
0

Let ¢ € H'(2) N L(Y) solve the problem —Ayt = divu. We have
(divu, ) = (V, Vi) < [ul5.

Therefore,

=

(I — AFY) divu, diva)? = (7 || divul2 + (divu, ©))? < (7 || divu]2 + [ju]]2)? .

That is, we have

1 1 . 1
(£r2, 2) < — (l1zl6 + 7 IV2l[5)* (7 || divulfg + [ul5)* ,
which is the desired stability result (1.2).
Now, we prove the converse statement. Given u € Hy(Q, div), let z € H}(Q) be
such that divz = divu and

co [|zllz, < [lullza
Then (3.1) implies

_ 3 p, di 1 p, di
<(7_[_ A]_Vl) 1]—)7 ﬁ)Q — sup (p7 IVU) < sup <p7 1VZ)

ueH(1Q, div) HuH,cgiv €0 zeH}(Q) ]| . ’

which is the desired result.
O
In the following two sections, we concentrate on establishing Theorem 1.1 in the
more difficult (for the analysis) case 0 < 7 < C. The case of “large” 7 will be
considered in Section 6. Here, “large” refers to values of 7 which are (much) bigger
than the diameter of (2.
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4. AN “INF-SUP” RESULT FOR PARAMETER-DEPENDENT NORMS

As stated in the introduction, the inf-sup condition (1.4) (and therefore the reg-
ular decomposition (1.2)) is well-known for convex domains. Since any polygo-
nal /polyhedral Lipschitz domain can be decomposed into a finite union of convex
domains, it is enough to assume that €2 can be represented as union of two domains
for each of which (1.4) holds, and prove that Theorem 1.1 is also satisfied for €. This
is done in the current section under an additional assumption (A) stated below. We
verify the assumption (A) in the following section.

Let Q = Q; Uy and assume that we have the inf-sup condition on each of ;.
Furthermore, we make the following key assumption:

(A) For each u € Hy(2, div) and any parameter 7 > 0, there is a decomposition
of divu, divu = divuy + divuy with u; € Ho(2;, div) which is stable in the
sense that

(4.1) (71 — A divuy, divwy) + (11 — AR divu, divuy) < ¢f HuH%giv.

For a fixed u € Hy(Q2, div) and a positive parameter 7 = O(1), consider the
saddle-point problem: Find z; € H)(€;), i = 1,2 and p € L2(Q) such that

(L,z1, v1) +(p, divvy) =0, Vv, € HY (),
(4.2) (Lrz9, Vo) +(p, divve) =0, Vv, € Hj (),
(diV(Zl + Zg), Q) = (le u, q)a vq € L%(Q)

In the last equation, we define each of z; on the whole of €2 using a simple extension
by zero. Introducing ¢; = qlq, — ﬁ [ q(x) dx € L§(€;) for any g € L*(2), the above
Q;

problem can be rewritten as

(ﬁq—Zl, Vl) +(p1, diVV1> = 0, VVl - H(l)( 1),
(£7’Z27 VQ) +(p27 div V2) = 07 VVQ € H(l)(QQ)7
(divzr, @) +(divzs, g2) = (divy, ¢), Vg€ L§(Q).

Let u = uy + uy where u; € Hy(€;, div). Then
(divu, ¢q) = (divuy, ¢1) + (divug, g).
Introduce the invertible operators L, o, : H{(€;) — Hj(€;) as the restrictions of
L, to Hj(Q;). After eliminating z;, we get the following reduced problem, letting
Si=div Lo div': L3() — L§(),
(S1p1, q1) + (S2p2, q2) = —(divuy, qi) — (divuy, g2).
Next, using the following estimate, which is equivalent with the inf-sup condition
(1.4),
co((T1 — AN "o, i) < (Simi, i),
we obtain, for ¢ = p,
co (11 = AG)"'pr, p1) + (T = AR) 'p2, p2))
|(divuy, p1)| + [(divua, po)l
(71 = AY") divay, divuy) + (71 — Ay') divuy, divuy))

X (71 = AR p1, pr) + (71 = AR s, p2))% :

<
<

[
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and arrive at the a priori estimate for p,

co (71 = A 'pr, p1) + (71 = AY) 'p2, p2)))
< (7 — Ay divuy, divwy) + ((11 — AR divuy, divuy).

Adding the first two equations in (4.2) with v; = z;, and using the last equation (i.e.,
div(z; + z2) = divu), based on assumption (A), we obtain
(Lrz1, 21) + (Lr2Z2, 22) = —(p,div(z1 + 22) = —(p, div(u; + uy))
= —(pl, div 111) — (pg, div 112) )
S (((TI — AL o1, o) + (T = AR s, 292))5
x (1 = AR ) divuy, divuy) + (71 — A" divuy, divu,))
(((r1 = AR divuy, divwy) + ((71 — Ay') divus, divu))
([alf§ + 7 || div ulff) -

N

N[

< L
<5
<a
< e
Therefore, letting z = z; + zo € H{(Q2), we have divz = divu and

2

c .

(£r2, 2) <2 = ([[ullg +7 | divul[).
0

In conclusion, we have proved the following main result.

Theorem 4.1. Let 2 = Q; Uy be union of two overlapping subdomains for which a
stable decomposition for Hy(S), div) satisfying (4.1) exists. The domains €); are also
such that Theorem 1.1 holds for them. Then, Theorem 1.1 holds for €2.

5. STABLE DECOMPOSITION OF FUNCTIONS IN Hy(€2, div) WITH PROPERTY (A)

In this section, we verify the key assumption (A).

Let 75 be an auxiliary mesh on €2 of triangular or tetrahedral elements of mesh
size H. Such a mesh exists because 2 is polygonal /polyhedral domain. Let Ry be
the associated Raviart—Thomas finite element space as in Section 2. We assume that

(5.1) er < H? < Cr,

where 7 > 0 is our given (possibly small) parameter. Values of 7 that do not satisfy
this assumption will be addressed in the following section.

Let u € Hy(9, div). Consider (I — Q) divu, where Qg is the L*() projection
onto V defined in Section 2. We note that for any subdomain D that is exactly
covered by elements from 7z, we have (I — Q) divul|, € L2(D), that is, this function
has zero mean value over D. This is in particular true (by assumption) for D = 4
al’ldD:QQ\Ql :Q\Ql

We first solve the Neumann problem for the Laplacian —Ayvy = (I — Q) divu in
Ql. We have ||V77/11||(2) = ((]_QH) div u, ¢1) = (le u, (I_QH)¢1) S || div 11||0 ||([—
Qu)trllo < CH || divullo||Ve1|lo. That is, for gy = Vi, € Hyp(€, div), we have

divg; = (I — Qy)divu on Q;, and |gi||2 < CH?|divul?,

which shows the first stability result. Similarly, we can solve the Neumann problem
for the Laplacian —Aynve = (I — Qg)divu in Q5 \ €. Then, for go = Vi €
Hy(22 \ ©4, div), we have

divgy = (I — Qy)divu on Q, \ Qy, and ||go|f < CH? || div ul3.
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In conclusion, we can find g; € Hy (2, div) supported in the respective subdomains
Q); such that

(i) div(>_,8i) = (I — Qu)divu, and
(i) 3= (leilld + 7 [ dive:llg) < C (7 + H?) || divulf3.
Next, we decompose the piecewise-constant function (Qy divu. Note that this func-
tion has zero mean value over 2. Based on Lemma 2.1, there is a uy € Ry such that
divuyg = Qg divu which satisfies the stability estimate

(5.2) lanl§ + 7 | divug|[§ < o ([ullg + (= + H?) || divulfg)

Now, let us split ug into two components u( ) and uH Let {<I> }Fe]-‘ be the set of
basis functions in Ry. Here, F is the set of interior (to ) faces of elements in 7y.

Then, let
uyg = Z UFQ%H)
FeF

To define the splitting, we can proceed as follows. Let 2y = Q; N Qs. Let Fy be the
set of element faces that are interior to €2y. Define

FeFo

Note that ug) has zero normal trace on 9€); and 0¢2,. Similarly, let F; be the set of
element faces interior to €2;. Define

1
> up @y + B ujy.

FeF\Fo

We have uy = ug) + ug) and Huﬁ?”o < Cllugllo. Also, by construction u%) has zero

normal trace on 9€2; and vanishes outside §);, that is ug) € Hy(Q;, div). Finally,
using inverse inequality, we have

ldivuiflo < CH uillo < CHluglo.

In conclusion, based on the above results combined with (5.2), we have ug =
ug) + ug), where each u%) is supported in the respective subdomain €2;, and the

following stability estimates hold:

(I — Ayh) divuy), divad)) < [ulf|3+7 | dival)|?
(5.3) < C(1+ %) lugl?
<O (1+2) ([l + B | divul?2)
= C[(1+ 2) [ullg + (= + H?) || divul3] .

We recall that we have assumed that 7z + HTQ = O(1) (see (5.1)).

The final stable decomposition is defined by the components gi+u(l_? € Ho(Q;, div)
(see (i) and (ii) for g;). This completes the verification of assumption (A).
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Remark 5.1. The following decomposition result for Hq(Q2, div) holds. Based on the
proved property (A), we have that for any u € Ho(Q, div) there are stable components

u; € Ho(S2, div) such that
div(u—) @) =0.

This means, assuming for simplicity that 2 is simply connected with simply connected
boundary, that there is a ¢ € Ho(curl, Q) (see e.g., [GR86], [Mo03]) such that

u= Zﬁi—kcurlc.

Based on a regular decomposition result (cf., e.g. [KV09]), we may assume that

¢ € HY(Q) with
I¢Ih < C fla = wllo.

Finally, using a stable decomposition for the H} conforming space, (for a proof of this
classical result, see, e.q., [Va08|, pp. 473-475)

C = ZCza
where ¢; € H(SY;) such that
D IVEll < v ¢l

we have the decomposition

u= Zui = Z(ﬁl + curl ¢;).

)

Note that now each w; = u;+curl {; € Hy(div, ;) and the following stability estimate

holds:
SO lhwllF + 7Y I dival§ < € (JJullg + 7 [ divull3) .

6. REGULAR DECOMPOSITION FOR THE CASE OF LARGE T

Note that estimate (5.3) does not work if 7 is large, i.e., (much) bigger than the
diameter of €). For smaller 7, we have the flexibility to choose H comparable to 7.
For large 7 this is not possible.

In this section we prove Theorem 1.1 directly in the remaining case

1
(6.1) <0
T

Specifically, the existence of z € H}(Q) such that divz = divu satisfying the
uniform estimate
¢o L+(z, z) < ||ul[§ + 7 || divul]g,
follows from the standard “inf-sup” estimate for Stokes problem,
(p, divv)

collpllo < sup
veH} () vl
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For a detailed proof of this estimate for general Lipschitz domains, cf., e.g., [Br03].
The existence of the required z is provided by the solution z of (1.3). Indeed for large
7 (as in (6.1)), the above inf-sup estimate implies that

_ L (z, v
colplo< sup E®Y)

—T 2 < O7 el
vemj) |[Vlh

Hence
(£r2, 2) = =(p, divz) = —(p, divu) < C7 |[z]1[|divulle < Cllz] . [[al| 29~
That is, we have the desired stability estimate
(L,z, z) < C L% (u, u).

Note that using this result in Theorem 1.2 shows also the parameter-dependent “inf-
sup” estimate (1.4) for large 7 (as in (6.1)). The latter is actually seen directly,
since for large 7, using the boundedness of —Ay' (see (3.4)), the Poincaré inequality
|v]|2 < Cp ||VV]|2 and (6.1), we have

_1\—1 ivv)2
((71 - AY) p) ~Lpllf <5 osup PR
<L(1+<%) sup (p, div)?

< L (p, divv)?

Combining the results of the last three sections we conclude that Theorem 1.1 holds
for general Lipschitz polygonal/polyhedral 2 and general positive parameters 7.
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