Lemma 0.1.

g if 1<j<i-1,
Qi = Jj = m if j=i
jo—= j—1if i+1<j<m.
1 ... +—1 ¢ ++1 .. m . '
- (1 e i—1 m i ml)—(mm—l...wr“),
j o= m—i+j if 1<j<i-—1,
Bi = |4 = j-it+l i i<j<m-—1,
m = m
_ 1 i i—=1 i .. m—1 m
= m—i+1 .. m—1 1 ... m—i m)’
0; = (ai)_loﬂioai,
where
jom m—itjtx(m—itji) if 1<j<i-1,
Gi=\Jd = i j=i
o= J—i+x( —i,9) if i+1<j<m.

Proof. Show that «; is a permutation. We assert that the inverse is
J o= J if 1<j<i-—1,
vi=1| J — 1 if j=m
j = j+1 if i<j<m-—1
Then for 1 < j <i—1 we have
ai(vi(f)) = u(j) = Jj
and similarly

For j = m we have

,and also

For j = ¢ we have

@i((0)) = (i + 1) = 1+ 1~ 1) = i



and
Yilei(f) = vi(au(i)) = vi(m) =i =j

Forje{i+1,....m—1} < j+1le{i+2,....m} = {i+1}U{i+
2,...,m} = j+1e{i+1,...,m} we have

a;(vi(j) = (i +1) =j+1-i=]

At last, we have with j <m -1 = j<m
Yi(ei(4)) =70 — 1)

Now j € i+1,....m—-1} = j—-1e€{i+1-1,....m—1-1}
— jle{itl-1,...,m-1-1}U{m-1} = j—1e {i+1-1,...,m—1}.
Thus

(i —1)=j—-1+1=3.

Thus we have shown

JEe{Ll..;i—1} = vilau(d) =N ai(nd) = J
j=1i = 7i(ai(§)) =jNai(7i(j)) =J
je{i+1l...om—1} = 7i(ai(j) =j Nai(vi(F) =4
J=m = 7i(a;(j)) = Nei(v())) = J

jeS = je{l...i-1}vj=ivjeli+l,....m—-1}Vj=m
Therefore
jes = (ad) =jra(r(h) =17
which shows that « is bijective (one-to-one and onto). Now we assert that

the following is the inverse of (;

joe i1 if 1<j<m—i,
g=\|J = i—-m+j it m—i+1<j<m-1,
j = m if j=m.

We now distinguish two cases: i —1<m —iandi—1>m — 1.
Let us consider first case (I): i —1 <m — .

jes <= je{l...;i—-1}vje {i,...,m—i}Vj € {m—i+l,..., m—1}Vj=m



Let j€{l...,i— 1}, we have j <i—1<m—i = j <m—ithen
Bi(ei() =Bili+j—1)=(i+j—1)—i+1=7

and

ei(Bi(4)) = ei(m —i+j).
Now because of j € {1,...,i—1} wehavem —i+je{m—i+1,...,m—
i+i—1}={m—i+1,...,m— 1}, we can conclude that

gifm—i+j)=i—j+(m—i+j)=j
Thus we have
i—1<m—iNj€{0,....i—1} = Bi(ei(4)) =JjNei(Bi(j) =
O

Lemma 0.2. Let m € N, S ={1,...,m}. Then for each j € S we define a
permutation with, where x is the indicator function.

X :RxR—{0,1} with x(a,b) =1 < a >b.
For each i € S0(i) € Sy, where Sy, is the symmetric group.

Proof. For now, let us just show ¢; : S — S. When 1 < j <i— 1, we can
consider two cases:

(Cl)m—i+j>i < x(m—i+j,i)=1and

(C2)m—i+j<i < x(m—i+j,i)=0.
Thel<j<i—landm—i+j5<1 O



