
Lemma 0.1.

αi :=

 j 7→ j if 1 ≤ j ≤ i− 1,
j 7→ m if j = i
j 7→ j − 1 if i+ 1 ≤ j ≤ m.


=

(
1 ... i− 1 i i+ 1 ... m
1 ... i− 1 m i ... m− 1

)
= (m m− 1 ... i+ 1 i),

βi :=

 j 7→ m− i+ j if 1 ≤ j ≤ i− 1,
j 7→ j − i+ 1 if i ≤ j ≤ m− 1,
m 7→ m


=

(
1 ... i− 1 i ... m− 1 m

m− i+ 1 ... m− 1 1 ... m− i m

)
,

δi := (αi)
−1 ◦ βi ◦ αi.

where

δi =

 j 7→ m− i+ j + χ(m− i+ j, i) if 1 ≤ j ≤ i− 1,
j 7→ j if j = i
j 7→ j − i+ χ(j − i, i) if i+ 1 ≤ j ≤ m.

 .

Proof. Show that αi is a permutation. We assert that the inverse is

γi =

 j 7→ j if 1 ≤ j ≤ i− 1,
j 7→ i if j = m
j 7→ j + 1 if i ≤ j ≤ m− 1.

 .

Then for 1 ≤ j ≤ i− 1 we have

αi(γi(j)) = αi(j) = j

and similarly
γi(αi(j)) = γ(j) = j

For j = m we have
αi(γi(m)) = αi(i) = m

,and also
γi(αi(m)) = γi(m− 1) = m.

For j = i we have

αi(γi(i)) = αi(i+ 1) = (i+ 1− 1) = i
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and
γi(αi(j) = γi(αi(i)) = γi(m) = i = j

For j ∈ {i+ 1, . . . ,m− 1} ⇐⇒ j + 1 ∈ {i+ 2, . . . ,m} =⇒ {i+ 1} ∪ {i+
2, . . . ,m} =⇒ j + 1 ∈ {i+ 1, . . . ,m} we have

αi(γi(j)) = αi(j + 1) = j + 1− i = j

.
At last, we have with j ≤ m− 1 =⇒ j ≤ m

γi(αi(j)) = γi(j − 1).

Now j ∈ {i + 1, . . . ,m − 1} =⇒ j − 1 ∈ {i + 1 − 1, . . . ,m − 1 − 1}
=⇒ j−1 ∈ {i+1−1, . . . ,m−1−1}∪{m−1} =⇒ j−1 ∈ {i+1−1, . . . ,m−1}.
Thus

γi(j − 1) = j − 1 + 1 = j.

Thus we have shown

j ∈ {1 . . . , i− 1} =⇒ γi(αi(j)) = j ∧ αi(γi(j)) = j

j = i =⇒ γi(αi(j)) = j ∧ αi(γi(j)) = j

j ∈ {i+ 1 . . . ,m− 1} =⇒ γi(αi(j)) = j ∧ αi(γi(j)) = j

j = m =⇒ γi(αi(j)) = j ∧ αi(γi(j)) = j

j ∈ S ⇐⇒ j ∈ {1 . . . , i− 1} ∨ j = i ∨ j ∈ {i+ 1, . . . ,m− 1} ∨ j = m

Therefore
j ∈ S =⇒ γ(α(j)) = j ∧ α(γ(j)) = j

which shows that α is bijective (one-to-one and onto). Now we assert that
the following is the inverse of βi

εi =

 j 7→ i+ j − 1 if 1 ≤ j ≤ m− i,
j 7→ i−m+ j if m− i+ 1 ≤ j ≤ m− 1,
j 7→ m if j = m.

 .

We now distinguish two cases: i− 1 < m− i and i− 1 ≥ m− i.
Let us consider first case (I): i− 1 < m− i.

j ∈ S ⇐⇒ j ∈ {1 . . . , i−1}∨j ∈ {i, . . . ,m−i}∨j ∈ {m−i+1, . . . ,m−1}∨j = m
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Let j ∈ {1 . . . , i− 1}, we have j ≤ i− 1 < m− i =⇒ j < m− i then

βi(εi(j)) = βi(i+ j − 1) = (i+ j − 1)− i+ 1 = j

and
εi(βi(j)) = εi(m− i+ j).

Now because of j ∈ {1, . . . , i− 1} we have m− i+ j ∈ {m− i+ 1, . . . ,m−
i+ i− 1} = {m− i+ 1, . . . ,m− 1}, we can conclude that

εi(m− i+ j) = i− j + (m− i+ j) = j.

Thus we have

i− 1 < m− i ∧ j ∈ {0, . . . , i− 1} =⇒ βi(εi(j)) = j ∧ εi(βi(j)) = j

Lemma 0.2. Let m ∈ N, S = {1, . . . ,m}. Then for each j ∈ S we define a
permutation with, where χ is the indicator function.

χ : R× R → {0, 1} with χ(a, b) = 1 ⇐⇒ a ≥ b.

For each i ∈ Sδ(i) ∈ Sm, where Sm is the symmetric group.

Proof. For now, let us just show δi : S → S. When 1 ≤ j ≤ i − 1, we can
consider two cases:
(C1) m− i+ j ≥ i ⇐⇒ χ(m− i+ j, i) = 1 and
(C2) m− i+ j < i ⇐⇒ χ(m− i+ j, i) = 0.
The 1 ≤ j ≤ i− 1 and m− i+ j < i
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